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Abstract
The coupling of a Nambu-Goto string to gravity allows for Schwarzschild
black holes whose entropy to area relation is S = (A=4)(1 4), where
 is the string tension.
It is well known that to compute thermal correlation functions and par-
tition functions in eld theory in at Minkowski spacetime one can use path
integrals in periodic imaginary time. The period  is the inverse temperature
and can be chosen freely.
This method was generalized to compute matter correlation functions in
static curved backgrounds. For the Schwarzschild black hole, the analytic
continuation to imaginary time denes a Euclidean background everywhere
except at the analytic continuation of the horizon, namely the 2-sphere at
r = 2M , M being the black hole mass. This ambiguity is usually removed by
assuming that the Euclidean manifold is regular at r = 2M . The Euclidean
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black hole obtained in this way has a periodicity  uniquely dened in terms
of the black hole mass. The relation is
 = 8M: (1)
This value coincides with the temperature of the thermal quantum radiation
computed for the incipient black hole in the absence of back-reaction [1].
In pioneering work, Gibbons and Hawking [2] extended the analytic con-
tinuation to the gravitational action, restricting the hitherto ill-dened path
integral over metrics to a saddle point in the Euclidean section. To con-
stitute such a saddle the Euclidean black hole must be regular given that a
singularity at r = 2M would invalidate the solution of the Euclidean Einstein
equations. The partition function evaluated on this saddle is interpreted as
e
 F
, where F is the free energy of the background black hole spacetime. It





where A is the area of the event horizon.
The relation Eq. (1) between the temperature and the black hole mass is
aected by classical surrounding matter but the entropy remains unchanged
and is still given by Eq. (2). This value of the entropy seems therefore to
depend only on the black hole mass. In this letter it will be shown that it
does not. A dierent relation between entropy and area will be presented
when a conical singularity is present in the Euclidean section at r = 2M .
Many authors [4, 5, 6, 7, 8, 9] have introduced a conical singularity at
r = 2M . This modies the Euclidean periodicity of the black hole and there-
fore the temperature. However if the source producing this singularity is not
taken into account, the Euclidean black hole solution is not a saddle point of
the functional integral. We shall argue that such a procedure cannot be used
to nd the thermodynamic properties of the background. A true Euclidean
saddle point can nonetheless be maintained by introducing an elementary
string in the action. The conical singularity arises from a string \instanton"
and the associated decit angle is determined by the string tension. The tem-
perature can be varied continuously as a function of the string tension but it
now necessarily entails a variation of the entropy versus area ratio. This ratio
takes value in the interval [0; 1=4], the lower limit being approached when the
2
cone degenerates. At xed string tension, the relation between entropy and
area remains insensitive to the introduction of classical surrounding matter.






















jgjR is the usual Einstein-Hilbert action, K is the trace of the
extrinsic curvature on the boundary @M of the four dimensional manifold
M , and h the determinant of the induced metric.
The introduction of the K-term requires explanation. We will justify it
briey and refer the interested reader to the recent detailed discussion of
Hawking and Horowitz [10]. The Einstein-Hilbert action contains second-
order derivatives of the metric. If the system evolves between two non inter-
secting spacelike hypersurfaces these second derivative terms can be trans-
formed by partial integration into boundary terms on these spacelike surfaces
and on timelike surfaces. Explicitly these boundary terms stem from the in-

























Their contribution to the action Eq. (3) is cancelled by the K-term. The
absence of boundary terms on the spacelike surfaces is necessary for the
consistency of the Hamiltonian formalism. However, for the asymptotically
at spaces considered here, the K-term introduces divergences at spacelike
innity. These can be removed by subtracting from Eq. (3) a K-term at






























yields the correct ADM mass as the on-shell value of the Hamiltonian. The
action Eq. (5) can now be written as a Hamiltonian action and the path
integral over metrics can be formally dened.
We will consider a system where the matter is an elementaryNambu-Goto




























In the presence of a string, the Lorentzian Einstein equations still admit
ordinary black hole solutions corresponding to trivial zero string area. The


























for r > 2M . To determine the Euclidean background at r = 2M we impose
the Euclidean Einstein equations. As previously discussed, the free energy
will then be computed on the saddle of the Euclidean action.
The action Eq. (3) with matter term Eq. (6) can be extended to Euclidean










































Here the world sheet has the topology of a 2-sphere. Because the Euclidean







in the K-term. The K
0
-term subtraction has to be
performed with the extrinsic curvature in at Euclidean space. The inde-





. The variation of the action with respect to g

gives




































Variations with respect to z

give rise to the stationary area condition for
the string.
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The Einstein equations Eq. (10) still admit ordinary Euclidean black hole
solutions corresponding to zero string area. The Euclidean space is regular




However there exists a non-trivial solution to the string equations of motion
when the string wraps around the Euclidean continuation of the horizon, a
sphere at r = 2M . All solutions are correctly described by the metric Eq.
(8) but the non-trivial one has a curvature singularity at r = 2M .





gR = 16A; (13)
where A, the area of the string, is equal to the area of the horizon, a two
sphere at r = 2M . The entire contribution to the integral comes from the
singularity at r = 2M . To evaluate
R
p
gR when R is zero everywhere except
at r = 2M , one can consider a tubular neighborhood S
2

 D of r = 2M
























R = 4: (15)
This result and the Gauss-Bonnet theorem for disc topology tell us that there
is a conical singularity with decit angle 2 such that
 = 4: (16)











We now evaluate the free energy of the black hole. The contribution of
the string term to the action Eq. (9) exactly cancels the contribution of the
Einstein term as seen from Eq. (13). The boundary terms at asymptotically
5
large r = r
1







































































The free energy is given by














Note that the free energy has the same value it had in the absence of the
string instanton. However the thermodynamic potential F is now a function




























Using Eq. (17) we nd




This is our central result. The introduction of the external parameter  has
enabled us to dene a black hole with xed mass M at a temperature other
than the usual 
 1
H
. When the temperature is not the Hawking temperature,
the entropy changes from A=4 to Eq. (23).
Equation (23) apparently conicts with the results obtained by several
authors [8, 9]. They found the entropy to be unaected by the presence of a
conical singularity. They were however considering a dierent system: they
compute the free energy at xed horizon area. The resulting entropy has
nothing to do with the entropy stored in the background of the black hole
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in the presence of a conical singularity. This is easily checked by considering
a system formed by the black hole and a relativistic gas in a volume V
with total energy E
tot
. The total entropy is a function of E
tot
, V , and A.
At xed volume and total energy there can be no thermal equilibrium for
a generic value of A. The stationarity condition on the entropy must be
obtained by varying A. This condition is T
 1
gas
= 8M as in reference [11]
and corresponds to thermal equilibrium between the gas and a black hole at
the Hawking temperature. The conical singularity has been erased. This is
in stark contrast with our case where the conical singularity is generated by





V , and . At xed E
tot
, V , and , the black hole energy, or equivalently the















This conrms the interpretation of Eq. (23) as a genuine background entropy.
It follows from Eq. (17) and Eq. (23) that the product of the entropy
















To complete the thermodynamic analysis, we rst verify using Eqs.(17),
(23), and (21) that the energy of the solution is unchanged by the presence
of the string instanton.























is nothing but an expression of the rst principle of black hole thermody-
namics in the presence of a string.
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Let us now reverse the logic. We start from the identity Eq. (28) and
take M to be the thermodynamic energy E, as it is the on-shell value of the
Hamiltonian. We show that the free energy corresponds to a saddle of the
Euclidean action, justifying a posteriori the approach adopted in the rst part
of this letter. We start by expressing in Eq. (28), 
 1
H
in terms of the arbitrary
temperature 
 1
and the corresponding decit angle using  = 
H
(1   ).
From this we conclude that the entropy is given by S = (A=4)(1   ) and
that  plays the role of an external parameter. The associated generalized
force is 
 1
A. Since the only external parameter present in the action Eq.
(9) is , we conclude that  is a function of . We then compute the free
energy F = E   TS to be M=2. This is the same value which was deduced
in Eq. (21) by a saddle point evaluation of the Euclidean action which gave
the value of the decit angle 2 = 8. Had we evaluated the free energy
o-shell, we would not have recovered Eq. (21): in the action Eq. (9), the
contribution due to the presence of a conical singularity on the horizon would
not have canceled the string action.
It can be shown [12] that the entropy Eq. (23) is not aected by the













is the inverse Hawking temperature in presence of matter. This
indicates that the entropy is a genuine property of the horizon.
In this letter, the area entropy of an eternal Schwarzschild black hole
in the presence of a string was shown to vary between the standard value
A=4 and 0 as a function of the string tension. All these black holes dier
only by the instanton eect. One cannot distinguish them by their mass or
even by their Lorentzian metrics. They dier through quantum eects, not
in classical quantities such as M=2, the product of 
 1
and S. Indeed the
temperature is proportional to h while the entropy is inversely proportional
to h. In this sense the instanton provides a quantum hair [4] which aects
the expectation values of operators outside the horizon. The string selects
from all possible black holes of mass M a subset distinguishable by quantum
eects and characterized by a smaller entropy. This fact give credence to the
interpretation of the area entropy as a counting of states and points towards
a possible retrieval by quantum eects of the information concealed by, or
stored in, the black hole horizon.
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